In this paper we employ numerical methods to study the Einstein equation
Introduction
In general relativity, the Lorentz metric g is viewed as a gravitational potential. As such, it must be related, by a field equation, to the mass/energy distribution that generates the gravitational field. The field equations proposed by Einstein is
where Λ is the cosmological constant, R is the scalar curvature and T is the stress/energy tensor (cf. [6, 4] ).
In this work we restrict ourselves to riemannian metrics in homogeneous manifolds and we are looking for solutions of Einstein equations that describe the gravitational field of a vacuum (T = 0) and Λ = − 1 2 λ, that is, we need to find riemannian metrics g satisfying Ric(g) = λ g.
Such metric g is called Einstein metric and the constant λ is called Einstein constant. By equation (1), look for Einstein metrics is equivalent to solve a system of non-linear partial differential equations, and in general this is a very difficult task. If we consider Riemannian homogeneous manifolds (that is, manifolds that admits a transitive group of isometries) it is natural to ask by invariant Einstein metrics. In this case, the equation (1) becomes a non-linear system of algebraic equations and find Einstein metrics is still a non-trivial problem.
In this paper we consider a class of homogeneous space called full flag manifolds, that is the homogeneous space G/T , where G is a compact simple Lie group and T is a maximal torus in G and use numerial methods to solve the equation (1) . Invariant Einstein metrics on full flag manifolds was studied in several papers: Arvanitoyergos in [1] classify the metrics on SU (3)/T 2 and gave an estimate for the number of invariant Eintein metric on the family SU (n + 1)/T n ; Sakane in [9] classify the invariant metrics on SU (4)/T 3 and more recently Arvanitoyergos-Crysikos-Sakane in [3] classify the Einstein metrics on G 2 /T 2 . In these papers the autors use Gröbner Basis in order to solve the system of equations associated to the Einstein equation. We remark that the complexity of the system of equations (number of variables and number of equations) depends on the number irreducible components of isotropy representation. In the examples above: SU (3)/T 2 has 3 components; SU (4)/T 3 has 6 components and G 2 /T 2 has 6 components.
The main result of this paper is to improve the estimates provided by Arvanitoyergos in [1] for the full flag manifolds SU (5)/T 4 (with 10 irreducible components), SU (6)/T 5 (with 15 irreducible components) and provide a new insight to analyze the Einstein equations for invariant metrics on flag manifolds. We also examine the isometric problem for these Einstein metrics.
In particular we prove the following results (see Theorems 3 and 4):
Theorem A: The full flag manifold SU (5)/T 4 admits at least 396 invariant Einstein metrics. If we consider invariant Einstein metrics up to isometries and homoteties we have at least 12 class of such metrics.
Theorem B:
The full flag manifold SU (6)/T 5 admit at least 3941 invariant Einstein metrics. If we consider invariant Einstein metrics up to isometries and homoteties we have at least 35 class of such metrics.
We believe that Theorem A is sharp, that is, these 396 invariant Einstein metrics forms a complete set of metrics; conversely, we do not believe that Theorem B provide all invariant metrics on SU (6)/T 5 .
The main tool to analyze the non-linear system of equations associated to the Einstein equation is numerical analysis and computational methods. All algorithms are described in details and can be easily adapted by the other flag manifolds. The computational cost of our methods are not studied in this paper, but we considered random initial conditions for the solve commands rather ran a predefined mesh, and this made the algorithms somewhat fast.
Recently, in [11] , the authors have shown that there are exactly 29 SU (4)-invariant Einstein metrics on SU (4)/T 3 , by solving a non-linear algebraic system with 6 variables and 6 equations using a numerical method (a single command on Maple). Unfortunately we could not reproduce their result. Our method allows to proof that there are at least 29 SU (4)-invariant Einstein metrics on SU (4)/T 3 . However, it is well know that SU (4)/T 3 admits a finite number of Einstein metrics (see [9] ).
The rest of the paper is organized as follows. Section 2 presents a short introduction to the theory of flag manifolds and deduce the Einstein equations, giving the components of the Ricci tensor of invariant metrics on SU (n + 1)/T . Section 3 introduces the Kähler-Einstein metric on flag manifolds, including the Borel-Hirzenbruck theorem on the existence of invariant complex structure on flag manifolds ( [5] ). Section 4 presents a invariant to detect when two invariant Einstein metric are not isometric. On Section 5 the main results are stated in details and proved. Section 6 presents details on the codes and algorithms we employed.
Einstein equations on full flag manifolds
Let G C be complex simple non-compact Lie group and G be a compact real form of G C . Let B be a Borel subgroup of G C . We define the full flag manifold to be the homogeneous space G C /B. Let T = B ∩ G be a maximal torus in G. One can show that full flag manifold is diffeomorphic to homogeneous space G/T .
We denote by g and t the Lie algebra of G and T . Since G/T is a reductive homogeneous space, the Lie algebra admits a split g = t⊕m, where m = t ⊥ (with respect to the Cartan-Killing form of g). The differential of the projection π : G → G/T induces an isomorphism between m and T o (G/T ), where o = eT (trivial coset). Let g be an invariant metric on G/T . Since G/T is a reductive homogeneous space, the metric g is completely determined by its value at the origin o = eT (trivial coset), see [7] . In fact, there is a 1-1 correspondence between invariant metrics on G/T and Ad(T )-invariant scalar products on m.
The isotropy representation of the full flag manifolds G/T is completely reducible and the decomposition in non-equivalent sub-representations is given by
It is well known that invariant tensors on G/T are constant in each irreducible component of the isotropy representation and therefore are completely determined by its value at the origin o. In the case of invariant metrics we have the following description
where Q = −B, the negative of the Cartan-Killing form of g. Similarly, the Ricci tensor Ric(g) of a G-invariant metric g on G/T is an invariant tensor and its description as an Ad(T )-invariant bilinear form on m is given by Ric(g) =
where r α , (α ∈ R + ) are the components of the Ricci tensor on each irreducible component u α of the isotropy representation. The Ricci tensor for a invariant metric on full flag manifolds was computed by Sakane in [9] . Proposition 1. Let G/T be a full flag manifold. For each α ∈ R + the Ricci component r α corresponding to the isotropy summand u α is given by
In the proposition 1 we use the notation i j k introduced by Wang and
Ziller [10] and defined as follows: let G/H be a compact homogeneous space of a compact semissimple Lie group G whose the isotropy representation m decomposes into k pairwise inequivalent irreducible Ad(H)-submodules 
where the sum is taken over all indices p, q, r with e p ∈ m i , e q ∈ m j and e r ∈ m k . Now we consider the the flag manifolds SU (n + 1)/T . Let su(n + 1) be the Lie algebra of SU (n + 1) and t be the Lie algebra of T . A root system for the Cartan subalgebra t C of the Lie algebra sl(n + 1, C) = (su(n + 1)) C is given by
and the set of positive roots
The space of SU (n + 1)-invariant metrics on SU (n + 1)/T is given by
The structure constants are given by
Proposition 2. [9]
The components of the Ricci tensor of an invariant metric on SU (n + 1)/T are given by
An Eisntein metric is a metric with constant Ricci curvature, that is, a solution of the system of equations
where k is a constant (called Einstein's constant).
Example 2. Let us consider the full flag manifold SU (3)/T 2 . Invariant
Einstein metrics in this manifolds were studied by Arvanitoyergos in [1] . In this case the Einstein equations are given by 
Kähler-Einstein metric on flag manifolds
Flag manifolds has a distinguish class of Einstein metrics called Kähler-Einstein metric. These metrics has interesting properties regarding to symplectic and riemannian geometry of flag manifolds. The description of such metrics can be done using the Lie theoretical properties of flag manifolds. We will restrict ourselves to the case SU (n + 1)/T n . A standard reference to this construct is [4] . A invariant almost complex structure on
In this case, (M, J) is a complex manifold.
The next classical result due to Borel-Hirzenbruck asserts about the existence of invariant complex structure on flag manifolds Theorem 1 ([5] ). There is a relation 1−1 between invariant complex structure and orders of the root system.
Given an invariant metric g on the complex manifold (M, J) we define the fundamental 2-form by 
The isometric problem
In this section we will review a method to provide a criteria to detect when two invariant Einstein metric are not isometric, cf. [8] , [2] . Applications of this method on isometric problem of generalized flag manifolds, see for instance [2] .
Let SU (n + 1)/T n be the full flag manifold, with
where dim u α = 2. Therefore, the dimension (real) of SU (n + 1)/T n is d = n(n + 1). For any SU (n + 1)-invariant metric we define a scale invariant
where S g is the scalar curvature of g and V = V g /V B is the quotient of the volumes
of the metric g, and V B the volume of the normal metric induced by the negative of the Cartan-Killing form of su(n + 1). We normalize V B = 1, so
The scalar curvature of a SU (n + 1)-invariant metric g is
where r α are the components of the Ricci tensor computed in the equation (6 Proof. We use the the Algorithm described in section 6.2 in order to obtain the solution the the system of 10 equations described in (6) . These solution are the Einstein metrics of SU (5)/T 4 . We also compute the invariant scalar H g for each Einstein metric g. This invariant allow us to detect non-isometric Einstein metrics. See Table A .
Remark 2.
In [1] , Arvanitoyergos prove that SU (n + 1)/T n admits at least
Einstein metrics are the Kähler-Einstein metrics). Although we cannot guarantee that these metrics are all solutions of Einstein equations, we improved the estimate of the number of Einstein metrics on SU (5)/T 4 . We believe that this number is optimal (see comments in Section 6.2).
In the very similar way we obtain an estimate to the number of Einstein metric for SU (6)/T 5 . 
Algorithms
In this section we present the Maple and Scilab algorithms we utilized on this paper. The full codes can be found on the website below:
http://www.ime.unicamp.br/˜rmiranda/einstein-numerics/ We remark that these codes are not optimal, but they works for our purpose.
Components of the Ricci tensor
The folowing Maple worksheet generate the equations of the Ricci tensor. Given m, it generates a set of equations, denoted by Difer3, that is equivalent to system (4) in dimension m. We remark that as the solutions of this system are invariant by scalar multiple, on line 44 of the algorithm below we set z [1] :=1 to bypass the scaling. 
Scilab codes for finding the metrics
The algorithm below is basically a numerical root finding, considering a set of initial conditions on the 9-dimensional cube [0, 10] 9 . The function f on line 4 is obtained by the procedure above, for Maple. On line 9, the variable K is the number of equations, and on line 11 the variable L is the number of initial conditions. The algorithm will look for a solution near each initial condition and save to a file.
For F 5 , we have a system of 9 equations and 9 variables. We started the algorithm with 10 6 and 2 · 10 6 initial conditions and have obtained, in both cases, the 396 metrics presented in Theorem 3. We believe that this number is the exact number of the metrics.
For F 6 we keept the 100.000 initial conditions and found 1244 metrics. For 200.000 initial conditions, we found the 3941 of Theorem 4 -note that this space is 14-dimensional. We dont know if this number if the exact number of the metrics. 
